The QCD Kondo effect is a quantum phenomenon when the heavy quarks (c, b) exist as impurity particles in quark matter composed of the light quarks (u, d, s) at extremely high density. This is analogous to the famous Kondo effect in condensed matter physics. In the present study, we show theoretically the existence of the "QCD Kondo excitons", i.e., the bound states of light quarks and heavy quarks, as the lowest-excitation modes above the ground state of the quark matter governed by the QCD Kondo effect. Those are neutral for color and electric charges, similarly to the Kondo excitons in condensed matter, and they are new type of quasi-particles absent in the normal phase of the quark matter. The QCD Kondo excitons have various masses and quantum numbers, i.e., flavors and spin-parities (scalar, pseudoscalar, vector, and axialvector). The QCD Kondo excitons lead to the emergence of the neutral currents in transport phenomena, which are measurable in lattice QCD simulations. The study of the QCD Kondo excitons will provide us with understanding new universal properties shared by the quark matter and the condensed matter.
Introduction.-The Kondo effect is caused by a strong coupling between an itinerant electron and a spin impurity in metal, which leads to the enhancement of the electric resistance in low-temperature region, and it still provides us with universal problems in various systems with a non-Abelian interaction like spin exchange [1] (see also Refs. [2] [3] [4] [5] ). Kondo insulators (Kondo lattices) are composed of bound states (quasi-particles) as superpositions of itinerant electrons and spin-impurities, whose interaction is dynamically enhanced by the Kondo effect [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Inside the Kondo insulators, there exist the Kondo excitons which are bound states of quasi-electrons and quasi-holes as excited states upon the interactioninduced ground state [24] [25] [26] [27] [28] [29] . The Kondo excitons affect the transport phenomena, such as sound waves and heat conduction accompanied by the number and energy fluctuations, respectively, while they are usually irrelevant to electric conductivity due to the neutral charge [30] . Thus, research of Kondo excitons is important to unveil the non-perturbative aspect in Kondo insulators, leading to understanding the nature of composite particles in heavyfermion systems. Recently, active researches are devoted to topological Kondo insulators, e.g. SmB 6 , YbB 12 [31] [32] [33] [34] [35] [36] [37] (see also Refs. [38] [39] [40] [41] [42] and references therein).
Recent theoretical studies proposed that the Kondo effect arises even in matter much different from electron or atom systems, i.e., in superdense matter governed by the strong interaction described based on quantum chromodynamics (QCD), namely nuclear matter and quark matter, which can really exist in extreme environments such as ultra-relativistic heavy-ion collisions and neutron and/or quark stars [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] . We consider the situation that the heavy (charm or bottom) quarks exist as impurity particles in the quark matter, i.e., the gas composed of up, down and strange quarks. In the quark matter, the gluon exchange between a light quark and a heavy quark provides the non-Abelian interaction with the color SU(N c ) symmetry, where N c is the number of colors. This is called the QCD Kondo effect [43, 44] . For simplicity, we consider an ideal situation that heavy quarks are distributed statically and uniformly as impurity particles in quark matter [47, 50, 52, 53] . According to the mean-field calculation, a light quark and a heavy quark are mixed to form the so-called Bogoliubov quasiparticles with a gap (or mass), i.e., the condensate of the light and heavy quarks (Fig. 1) . The unconventional phase with such a non-zero gap is called the QCD Kondo phase [47, 52] . We also regard its ground state as the QCD Kondo insulator (KI). Here, the ground state possesses non-trivial topological charges due to the existence of the monopoles induced by the Berry phase [52] , so that we may call this phase the topological QCD KI.
In this Letter, we discuss "exciton" modes playing a fundamental role for transport phenomena in the QCD KI, which are bound states induced by the attraction between a Bogoliubov (quasi-)particle and a (quasi-)hole. We call them the QCD Kondo excitons, or just the Kondo Kondo exciton) . For N f = 3, Qu = +2/3 and Q d = Qs = −1/3. The normal phase means the non-interacting light-quark gas (N f flavors). The asterisk in "1 * " indicates that the light-flavor is mixed with the heavyflavor. We show possible color representations, 8,3, and 6, which are not covered in the present study.
excitons for short. In Table I , we summarize the possible properties of the Kondo excitons. We emphasize that such excitons can be neutral in color (1) and/or in electric charges (0), while they can also be colorful (8, 3, 6) and/or electrically charged (±1). If neutral excitons appear, there can exist neutral currents carrying only heat and sound waves without conducting color and electric charges. Such phenomena are definitely distinguished from the conventional situation in normal lightquark gas that any current should inevitably accompany the movement of color (3) and electric charges (+2/3, −1/3). In the present study, we study the mass spectrum and the energy-momentum dispersion relations of the QCD Kondo excitons, and show that there exist various types with different quantum numbers (J P : the total spin J and parity P ).
Effective action.-We start by the Nambu-JonaLasinio (NJL)-type Lagrangian describing four-point interaction between the light (massless) quark and the heavy quark [43, 47, 49, 52] ,
with the time-space derivatives ∂ µ (µ = 0, 1, 2, 3) and the Dirac matrices γ 0 = γ 0 , γ i = −γ i (i = 1, 2, 3), and γ 5 . The symmetry is governed by the chiral symmetry for the light quark and the spin symmetry for the heavy quark. In the first line, ψ a is the relativistic spinor fields for the light quarks with the chemical potential µ (N f flavors: a = 1, 2, · · · , N f ), andψ a ≡ ψ † a γ 0 . Notice that the repeated indices are summed over. Ψ is the nonrelativistic spinor field for the heavy quark defined in the rest frame in the context of the Heavy Quark Effective Theory (HQET) [59, 60] (see also Refs. [61] [62] [63] for reviews). According to the prescription in the HQET, the mass term of the heavy quark is omitted. We suppose that the heavy quarks, which are regarded to be sufficiently heavy, exist as impurities with the number density n Q , and introduce λ as a Lagrange multiplier to keep the constraint Ψ † Ψ = n Q satisfied always [47, 49, 52] . In the second line in Eq. (1), the interaction terms with the coupling constant G are obtained in the leading order of the large N c expansion for the interaction deduced by a one-gluon exchange with the electric Debye mass as the leading-order for the quark-gluon coupling in the QCD [44] .
In order to search the ground state, we rewrite the Lagrangian (1) by introducing the auxiliary fields
for the bosonic excitations composed of the light quark and the heavy quark (the heavy-light modes) as the effective degrees of freedom at low energy. Then, the generating functional for the Lagrangian (1) is expressed by functional integrals in terms of σ a , π a , V i a , and A i a in addition to ψ a and Ψ. For the ground state, we introduce the mean-field approximation in the so-called hedgehog ansatz for a = 1: σ 1 = ∆ and V i 1 = ∆k i with the condensate (complex amplitude) ∆, and the others zero [47, 52] 
is a unit vector along the direction of the (residual) momentum. With this ansatz, we find that the light quark for a = 1 and the heavy quark is superposed to form the Bogoliubov quasi-particle, and that the energy-momentum dispersions are
for the positive-energy states andẼ k ≡ −k − µ for the negative-energy state. Notice that, in Eq. (3), flavormixing is induced by the strong coupling in the Kondo effect. The other light quarks for a = 2, . . . , N f remain to be free states with the energy-momentum dispersions E k = k − µ andẼ k . We denote ψ a for the particle-state and ψ
−1
a for the hole-state (a = 2, . . . , N f ). Upon the above treatment, we obtain the effective action Γ eff [{Φ}; ∆] by performing the loop expansion at the leading order. Here {Φ} stands for σ a , π a , V In the following analysis, we set λ = 0 for simplicity, and denoteh + for a quasi-particle with E + k > 0 andh − a quasi-hole with E − k < 0. Numerically solving the gap equation, we obtain |∆| = 0.0845 GeV at µ = 0.5 GeV by choosing the conventional parameters, G = 18/Λ 2 and the three-dimensional cutoff Λ = 0.65 GeV for the loop functions [47, 52] . In the weak-coupling 
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limit, the condensate can be expressed approximately by the analytic form, |∆| ≈ α exp −2π 2 /(4N c Gµ 2 ) with the dimensionful coefficient α [47, 52] . We investigate the dynamics of the excitations, {Φ}, as the quantum fluctuations around the ground state.
Calculations and results.-Firstly, we focus on the excitation modes between the Bogoliubov quasi-particles and holes (h ± ) in a = 1. We call them the dressed Kondo excitons. The inverse-propagator is given by the second derivatives of Γ eff [{Φ}; ∆] with respect to Φ. We find that there are four independent channels, (σ,
, and (V 2 , A 1 ), when we choose the direction of the exciton's propagations along the third-axis of the space coordinate, where we omit the indices a for simplicity. We notice that Φ and Φ † can mix with each other [65] . We find that the mixings in (V 1 , A 2 ) and (V 2 , A 1 ) are induced by the term proportional to
, 3). The inverse-propagator for (σ, V
3 ), for instance, takes the 4×4 matrix in momentum
in which the matrix elementD σ † σ (q) with fourmomentum q = (q 0 , q) is defined by
whereσ(p) with four-momentum p is defined by the Fourier transformation of σ, and the other elements are also defined. The inverse-propagator D a as well as betweenh − and ψ a with the light flavor a = 2, . . . , N f . We call them the half-dressed Kondo excitons, because one of the fermions composing the exciton is a free quark. In this case, the boson number is conserved, and hence the inverse-propagator alternative to Eq. (4) takes the form
with the matrix elements defined similarly to Eq. (5), and so are the other inverse-propagators D 
Thus, we find that the matrix in Eq. (6) is separated into the two sectors represented by the top-left submatrix and the bottomright submatrix. Each sector includes the propagation of the excitation ofh At the vanishing momenta, we find the two types of halfdressed Kondo excitons with the masses m 1 = 0.100 GeV (eight-fold degenerate) and m 2 = 0.108 GeV (eight-fold degenerate), respectively. The mass difference between the two modes stems from the violation of the particlehole symmetry. We observe some differences between the dressed Kondo excitons (a = 1) and the half-dressed Kondo excitons (a = 2, . . . , N f ). Firstly, there are many branches of the dispersion relations in the dressed Kondo excitons, while most of them are degenerate in the half-dressed Kondo excitons. This difference stems from the nonconservation or the conservation of the boson number. Secondly, there is a tendency that the excitation energies of the dressed Kondo excitons are higher than those of the half-dressed Kondo excitons. This result indicates that, in N f ≥ 2, the dressed Kondo excitons are the higherexcited states, while the half-dressed Kondo excitons are the lower-excited states.
The Kondo excitons considered in this work are neutral in color, and hence there is no color current at low energy. As for the electric charge, there are subtle differences between the dressed and half-dressed Kondo excitons. The dressed Kondo excitons are neutral in electric charge, while the half-dressed Kondo excitons are either neutral or charged. For example, when the electric charges ofh + and ψ −1 a (orh − and ψ a ) are different, the exciton is electrically charged (Table I) .
Conclusion and Discussions.-We have shown the properties of the QCD Kondo excitons as the excited states in the QCD KI, and that they can induce neutral currents for color and/or electric charge. This will play a crucial role in the transport phenomena in the QCD KI.
Some discussions are ready for the present treatment of the QCD KI. Firstly, in the construction of the Bogoliubov quasi-particle, we assumed that the electric charges of the light quark and the heavy quark are the same. If the electric charges are different from each other, we would encounter a problem of the spontaneous breaking of the U(1) gauge symmetry for electric charges, i.e., the Higgs mechanism. We have to reformulate the procedure of analysis by considering the gauge field as a dynamical degrees of freedom. Secondly, we have ignored the color superconductivity induced by the attraction between two light quarks [66] [67] [68] (see also Refs. [69] [70] [71] [72] for reviews). Though the superconductivity gap is suppressed in the large N c [73] , we will need to carefully examine how the color superconductor at O(1/N c ) would affect the QCD Kondo excitons. Thirdly, we have not considered the surface effect, i.e., zero-mode fermions at surface of the topological QCD KI. Such zero-modes can contribute to the transport phenomena.
We mention the applicability of numerical simulations in the lattice QCD formalism to the QCD KI. We consider the ud quark matter at zero baryon chemical potential and non-zero isospin chemical potential. This system can be simulated by avoiding the difficulty of the so-called sign problem [74] [75] [76] [77] . When the heavy quarks exist as impurities, there will be the dressed Kondo excitons composed of u quark-holes and heavy quarks, ord quarks and heavy quarks [78] . The correlation function of color-neutral currents, in which the contribution from the dressed Kondo excitons should be relevant, is the gaugeinvariant quantities measurable in lattice QCD simulations. The signal of the dressed Kondo excitons can be distinguished from that of the confining heavy-light (D or B) mesons, since the quark matter at a large isospin chemical potential should be the deconfined phase.
In recent studies, new types of the QCD Kondo effect were proposed: the QCD Kondo effect in strong magnetic fields [45] and the QCD Kondo effect induced by the gapped quark in the two-flavor color superconductor [56] . They suggest that the QCD Kondo effect can emerge in various environments relating to the strong interaction. There are also many other topics: the Kondo resonance for a single heavy quark [49] , the competitions between the QCD Kondo phase and the chiral condensate [53] or the color superconductor [50] , the conformal theory for the Fermi and non-Fermi liquids [51, 55] , and the transport properties [54] . For more advanced studies, we may consider the continuity from the Kondo effect in the deconfinement phase to the Kondo effect for heavy hadrons in the confinement phase (nuclear matter) [43, 46, 48, 57] [79]. We may raise a question whether the Kondo phase in the quark matter is continuously connected to that in the hadronic matter [44] . Applications of the QCD Kondo effect to charm stars are also interesting [58] . Studying those problems in terms of the Kondo excitons should be left for future works.
Supplementary material
To investigate the Kondo excitons in quark matter, we start the discussion by the Nambu-Jona-Lasinio (NJL)-type Lagrangian describing the four-point interaction between a light and a heavy quark. This interaction was first applied to the Kondo effect without nonperturbative contribution in Ref. [43] , and then it was utilized as a mean-field approach to study the nonperturbative QCD Kondo effect [47, 49, 52] . The Lagrangian is given by
with
The summation is implicitly taken, when the indices are repeated. In this Lagrangian, ψ a (a = 1, 2, · · · , N f ) and Ψ are the light quark fields with N f flavors and the heavy quark field carrying only its particle degree of freedom. ψ a is a fourcomponent spinor, and Ψ is a two-component one. µ is a light quark chemical potential and λ is a Lagrange multiplier for the condition Ψ † Ψ = n Q (n Q , a spaceaveraged number density of heavy quarks) being always satisfied [47, 52] .
To describe bosonic degrees of freedom, we introduce auxiliary fields
for the heavy-light modes, in which σ a , π a , V i a and A i a are the scalar, pseudoscalar, vector, and axialvector, respectively. For the ground state, we assume the so-called hedgehog ansatz in the momentum space:
with k the three-dimensional momentum for a = 1, and σ a = V i n = 0 for a = 2, 3, · · · N f [47, 52] . ∆ is a constant mean-field whose values should be obtained by solving the gap equation. Thus, after performing the Hubbard-Stratonovich transformation (bosonization) in terms of the auxiliary fields (8), the Lagrangian (7) turns into
(−i∇ ≡ −i∇/| − i∇| with ∇ being the derivative in the three-dimensional real space), where G −1 is an inversepropagator matrix for a quark expressed in the flavor space
(1 is a 2 × 2 unit matrix), and V denotes the terms for the fluctuations of the heavy-light modes (σ a , π a ,
is the Pauli matrix. Since ψ a is a four-component spinor and Ψ is a two-component one, as mentioned before, we notice that G −1 and V are (4N f + 2) × (4N f + 2) dimensional matrices. In obtaining Eq. (10), we have employed the Dirac representation for the gamma matrices:
By diagonalizing the fermion part in the Lagrangian (10), we can show that the free fermions (without the meanfield) and the Bogoliubov quasi-fermions with the meanfield appear. Their energy-momentum dispersion relations are obtained by solving the equations, det(G −1 ) = 0, whereG −1 is the Fourier transformation of G −1 in momentum space. The results are
for a = 1, and
for a = 2, 3, · · · , N f . The results for a = 2, 3, · · · , N f are the same as the free ones since ψ a (a = 2, 3, . · · · , N f ) is not affected by the mean-field at the leading approximation. In the following analysis, in order to examine the appearance of the QCD Kondo excitons in a transparent way, we will take λ = 0. For the Lagrangian (10), we obtain an effective action Γ eff [{Φ}; ∆] at the one-loops of the quarks, where Φ denotes the σ a , π a , V i a , and A i a collectively, which yields the following form,
where "Tr" represents the trace over the space-time coordinate, flavors, and Dirac indices. At the mean-field level, we find that Eq. (22) becomes
with the space-time volume V . The gap equation to determine the ground state can be obtained by ∂V eff /∂∆ = 0, where V eff is an effective potential defined by V eff ≡ −Γ eff [{Φ = 0}; ∆]/V . As a result, the gap equation is
in the momentum space, where a three-dimensional cutoff Λ is introduced for regularizing a ultraviolet divergence (k ∈ [0, Λ]). In obtaining Eq. (24), we have included an infinitesimal imaginary part in the quark propagator appropriately to incorporate the existence of the Fermi surface as shown later. When we choose µ = 0.5 GeV, G = 18/Λ 2 , and Λ = 0.65 GeV, the magnitude of the gap turns out to be |∆| = 0.0845 GeV by the gap equation (24) [47, 52] .
To investigate the Kondo excitons, we need to take a second derivative with respect to Φ. For this purpose, let us expand the effective action (22) up to the quadratic terms ofΦ in the momentum space, whereΦ is the Fourier transformation of Φ. By making use of
and converting this relation into the momentum space, we obtain the effective action in terms ofΦ
in which the gap equation (24) have been utilized, and we have defined |X a (q)| 2 ≡X a (−q) †X a (q). The symbol "tr" in Eq. (26) stands for a trace operator over the flavor and Dirac indices.G(k) is a propagator matrix for the (quasi-)fermions in the momentum space. This is obtained by the inverse matrix of the Fourier transformation of Eq. (11), and takes the form of
where the matrix elements are given bỹ
withk = k/|k|. In the above expressions, we have inserted an infinitesimal imaginary part +iη or −iη (η > 0), when the pole of each dispersion lies above or below the Fermi surface, respectively, to incorporate the existence of the Fermi surface appropriately. Inverse-propagators for the fluctuations of heavy-light modes in the momentum space are derived by taking a second derivative with respect toΦ in Eq. (26) . When we take the direction of the QCD Kondo exciton's propagations along the third-axis, we find that four independent channels of (σ a , V ) exist due to the parity invariance. The energy and the three-dimensional momentum for the QCD Kondo excitons are expressed by q 0 and q, respectively. After some calculations, in each channel, we obtain the inversepropagators for a = 1, which corresponds to the dressed Kondo excitons,
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The channels of (σ a , V 
